REACTION-DIFFUSION EQUATIONS

CHACE COVINGTON, VICTORIA CHEBOTAEVA, CHUNYAN LI, ANDREI MEDVED, AND MURRAY MACNAMARA

ABSTRACT. In this report, we focus on 1D reaction-diffusion equations with periodic domain for several different
types of reaction terms including: —u?, u?, u(1 — u), u(1 — u)(a — u). We show the existence, uniqueness and
instant regularization of weak solution (u,u’) in space L2([0,T]; HY(T)), L?([0,T); H~1(T)) respectively. We
first construct solutions u., of certain finite-dimensional approximations to our original problems by using the
Galerkin Approximation Method. Then we do L? energy estimates to get uniform boundedness of u.,, and
umt, followed by applying Banach Alaoglu Theorem and Aubin-Lions Lemma to show a subsequence of uy,
converging to a weak solution of the original problem. We also show the existence and uniqueness of mild
solution in Banach space & via Banach Fixed point Theorem for the cases —u?, u2, u(1 — u).

1. Introduction

Reaction—diffusion equations are mathematical equations which correspond to several physical phenomena.
The most common is the change in space and time of the concentration of one or more chemical substances:
local chemical reactions in which the substances are transformed into each other, and diffusion which causes
the substances to spread out over a surface in space.

Reaction—diffusion equations are naturally applied in chemistry. However, the system can also describe
dynamical processes of non-chemical nature. Examples are found in biology, geology, physics (neutron diffusion
theory), and ecology. Mathematically, reaction—diffusion equations take the form of semi-linear parabolic partial
differential equations. They can be represented in the general form

Up — Vg, = R(u)

Where u = u(x,t) represents the unknown vector function, v is a diffusion coefficient, and R(u) is a smooth
function R : R — R which accounts for all local reactions[1].

2. Background
2.1. The FKPP equation.

Investigation in this field began from the papers [2] of Fisher and Kolmogorov, Petrovsky and Piskunoff and
was motivated by population dynamics issues, where authors arrived at a modified diffusion equation:

U — Vlgy = U — u.
A typical solution of this equation is a propagating front separating two non-equilibrium homogeneous states,
one of which (u = 1) is stable and another one (v = 0) is unstable. The interest in physics in these type of fronts
was stimulated in the early 1980’s by the work of G. Dee and coworkers on the theory of dendritic solidification.
Examples of such fronts can be found in various physical, chemical, and biological systems.

2.2. The Zeldovich equation.

Another important example of Reaction-Diffusion equations is the Zeldovich-Frank— Kamenetsky—Equation[3],
which describes flame propagation.

up — Vg = u(l —u)(a —u),a € (0,1).

This model has been suggested in 1937 for the mathematical description of combustion processes. ZFK model
relates to the class of nonlinear reaction diffusion models. Actually, it was one of the first models of the class
mentioned, which gave non-trivial results of great importance: in particular, this model enabled the derivation
of the general analytical expression for the velocity of stationary propagating plane flame front.
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3. Reaction term R(u) = —u?

In this chapter, consider the following reaction-diffusion equation:

(1) {Ut —ivum i—u in [0,T] x T
u(t = 0,z) = g(x)

where T denotes periodic boundary, v is a positive constant.

3.1. Weak Formulation and Weak Solution.

Definition 3.1. By using test functions and divergence theorem/integration by parts, we get the weak formu-
lation of (1) as follows:
Find weak solution u € L*([0,T); H'(T)) such that

(2) (ue, v) + v((u,0)) = = (u?,v)

for all test functions v(t,z) € H'(T) where (-,-) denotes L? inner product, i.e. (us,v) = [puvdz, ((-,-))
denotes H* inner product, i.e. ((u,v)) := [ ugvzda and (u?,v) := [ v vdx

Note: u; denotes the weak time derivative of u with respect to the initial condition with wu; satisfying

T
// wvdtde = —v(t =0, z)u(t =0,2) — / uvedtde
T Jo T

3.2. Galerkin Approximation Method.

We first use Galerkin approximation method to get an approximated solution of (1) in finite dimensional space.
Choose finite dimensional subspace V,,, = span{vi,va,...,vy} € HY(T) to find the approximation solution
U, (t,-) € Vi, such that

(3) (tmt, v) + v((um, v)) = —P(u7,,v)]

for all test functions v € V,,,. Where P is the projection mapping such that P : P[Z?; a;v;| = Z:ll a;v;.
Let’s assume u,, = Z;nzo ¢;j(t)v;j(x). Then, one can get

m m

(4) ) (wi,v) + v e (t)((vy,05) = —P[((Z ;) v;)]

j=1 j=1
foralli=1,2,...,m.
Let’s assume that basis functions v; have L?-norm and H'-norm orthogonality. We can orthonormalize basis
in L?-norm and simplify (4), so that an ODE system is obtained:

5 I-C'(t)+vB-C(t) +P[F(t,C(t))] =0
C00)=g

Where C(t) = (¢1(t), ..., em (1)), matrix B = (bjj)mxm with b;; = ((vj,v;)), If P[Fo(t,C)] is bounded, one
can get existence and uniqueness of solution u,, € V,, from the theory of ODE.
We propose now to send m to infinity and show a subsequence of our solutions u,, which converges to a weak
solution of (1) by doing some uniform estimate. In order to simplify the notation,we denote u,, by w in the
following sections.

3.3. Existence.

Theorem 3.2. Weak compactness-special case of Banach-Alaoglu Theorem
Let X be a reflexive Banach space and suppose the sequence {ug}3>, C X is bounded. Then there exists a
subsequence {uy, }52, C {ux}32, and u € X such that

Uk, — U

J

One can use Banach-Alaoglu Theorem to get a candidate solution of (1).
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3.3.1. Uniform boundedness of maxo<i<7 ||ul|%2.

Choose v = u,, € V,,, as test function in (3),

/uutdx+u/uidx:—/u3dx§0

d 1
:>% §u2dx—|—1//uidx§0
Define E(t) = [u?dx

E'(t) + 21//uid33 <0

= E'(t) <0
= B(t) < E(0) = ||g|[32 ¥t €[0,T]

Hence,
/ W2dz < ||g|12

2, < 2,.
= OgltégXTlltu <lgllz-

3.3.2. Uniform boundedness of u,, in L>H' norm.
E'(t) + ZV/uidx—l— 21//qu33 < 0+21//u2dm
= E'(t) + 2v|[u?|| g1 < 20E(2)
E'(t) < —2v|ju||? + 2vE(t)
By Gronwall inequality:

t
B(t) < el 2vas <||g||%2 + [ —2vluts ->||%pds)

t
= 120 [ (s, ) Byeds < e 20 g2 — B@) < gl
0

llglI7

2v

Since 1, is uniformly bounded in L2H", by Banach-Alaoglu theorem, u,, converges weakly to a limit point
win L2H' up to a subsequence.

[lu(t, @)l L2mn <

3.3.3. Uniform boundedness of w,, in L*H~".

By the decomposition of Hilbert space H'(T) which is H'(T) = V,,, + V.-, one has Yo € H'(T), v = vy + vy
where v1 € V,,,, 10 € VWJL-.
By the orthogonality, we have
(ue, v) = (ur, v1 +v2) = (g, v1) + (g, v2) = (ug, v1)

From the weak formulation (3) we get:

(ug, v1) = —v((u,v1)) — (u2,1}1)
Hence,

(e, v) = —v((uyv1)) — (w2, 01) Vo € H(T).

Then,
v|((u,v1))] + [(u?, 01)]

viull g lfor|[ g + [[e®]p2||vr || 2

| (ut, 0) |

ININ N

vlullalolles + [Ju?||z2 o]
| (ut, v) |
vl 1

IN

viful| g + ||u?|| 2
| (ug, v) |
[v]| 1

e (t, )l rr-2 < vllult e+ [ult, )l

By the definition ||u||g-1 = sup,e g (m) , we have
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Take L! integral over [0, T
T T T
| s llids <o [ iuts.mds + [ s ) ds
0 0 0

= lwllprg-+ < vllullpra +[lull2ps

By Sobolev embedding H' — L*, we get

llullL+ < Cllul]

= ||u||L2L4 < CHUHLzHl

By Holder inequality, we get
ullpr e < VTul| 2
Hence, we get
el |l < vVT[ul|L2gr + Cllul| L2

< (WT+O)lull2m

< Cllgllz:

Since 1y, is uniformly bounded in L'H ! by Banach-Alaoglu theorem, u,,; converges weakly to a limit
point »/ in MH ™! up to a subsequence. One can extend this result to L2H~!.

3.3.4. Extended Uniform boundedness wy,; in L?([0,T]; H=1(T)).

Let’s focus on the estimate of ||u:(¢,)||g—1 that we get in previous subsection.
e (t, -1 < vlult, ) + [tz

Take L? integral over [0, T
T T T T
A|m@>@4wsﬂé|wxm%w+4\wawaw+42wwmmmMs

= ugllpzg-1 < (v +2Mv) ||ul| 20 + M| [ul| 212

Where the last inequality is valid due to [[u|[}. = [u*dz < M? [w?de = M?||u|, and ||u]|2. = ([ u4d:c)1/2 <
M ([ quas)l/2 = Mlullrz < M|lul|gr by 0 < v < M which will be proved in the later section.Hence,
||wme||z2 -1 is uniformly bounded by the uniform boundedness of ||u||z251 and maxo<i<r ||ul|2..

3.3.5. Passing the limit to the non-linear term.

Theorem 3.3. Aubin-Lions Lemma Let Xy, X, Xy be three Banach spaces with Xg C X C X;y. Suppose
that Xo is compactly embedded in X and that X is continuously embedded in X1. For 1 < p,q < oo, let

W = {u € L*([0,T}; Xo)[u" € LU([0,T]; X1)}

e Ifp < oo, then the embedding of W into LP([0,T]; X) is compact.
e Ifp=o00 and q > 1, then the embedding of W into C([0,T]; X) is compact.

Because H! «— L? — H~! with H' — L? being a compact embedding and L? — H~! being a continuous em-
bedding, Aubin-Lions Lemma tells us that w,,; — « in L*([0,7], L*(T)). Then we have lim; o [ ufnj = [u’dz.

Then lim;_, o [} ufnj vdx = [, uvdz for any function v € V.
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3.3.6. Conclusion. Summarize the results above, we have
(umjt, v) = (ug,v)

((um]_,v)) = ((u,v))

2
(umj ’

for v € V,,.

o) = (u0)

By property of Hilbert space, we know that V,,, — H(T) as m — oo.

Thus,

i (tm, e, 0) + v ((tm, ,0)))

j—o0

(ur, v) +v((u,0))

lim <fu72n,,v) forveV,
j—o0 7

—<u2,v> forve H!

One can easily check that v/, the limit point of w,,,,, satisfies the initial condition. Thus, u is a weak solution
in L2([0,T); HY(T)). Up to now we get the existence of a weak solution, and in the following sections we will

focus on the uniqueness of our weak solution.

3.4. Uniqueness.
Let uy,us € L([0,T); HY(R)) be two weak solutions of

(6)

Then w = u; — uy satisfies

(7)

w(t=0,z)=0

{u@=0w>:mw

{wt — VWey = U3 — u?

u?

2

Note that u3 — u3 = —w(u; + ug), allowing (7) to written as

® w(t=0,2) =0

The weak formulation associated with (8) is

(9)

{wt — VWge = —w (U1 + ug)

(wi, v) + v ((w,0)) = (mw (u1 + u2) ,v)

for v € Vp,, and where (f,g) = [ fgdz and ((f,9)) = [; fegedz. Now choose v = w. Assume that uy,up > 0.

Then
(w, w) + v ((w, w))

/wwtda:—kll/widx
T T

d 1
—widx + u/ wdx
2 T

dt Jo
Note that [[w2dz + [ w?dz = [|w|[3. Let
(10)

be the total energy at time ¢. Then

Applying Gronwall’s Inequality yields
(11)

Note that fot v||w?(s,")||%:ds > 0 and E(0) =0, so
(12)

IN

B(t) <0

(—w (w1 + uz) , w)

—/w2 (uy + us) dx
T

—/w2 (u1 + ug) dz
T

< 0

< v / w?dx
T

< 2wE(t)

E@<dﬁm(mm5KMw@ﬂ%@)
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Note that for E(t fT (t,z)dz > 0, E(0) = 0. Thus, w = 0 a.e., i.e. U1 = Uz a.e for all m. Then assume
u is bounded, Whlch will be Verlﬁed in the last section. By Dominated convergence theorem, we have

1i_r>n //(uml — Uz )vdadt = //(u1 — ug)vdxdt =0

for all v, hence, u; = uy a.e. and uniqueness follows.

3.5. Mild Solution.

Definition 3.4. Mild Solution
For the reaction-diffusion equation

Ut — VlUgy = —u? in [0,T] x T
u(t =0,z) = g(x)

the solution satisfying:
(13) u(t,z) = S(t)g + / [—S(t — s)u’(s)]ds
0

is called the mild solution. S(t) is a semi-group defined as follows:

—lz—y|?2

1 e at ()d
R V4tvm Ay

S(ta')g(') = q)(ta )*g( ) =

2
with ®(t,z) = 411,”6 - being called the heat kernel for the whole domain. In order to keep consistency
1 2
with periodic domain, one call also write the periodic heat kernel Or(t,x) = Zzozioo Te‘ v , then, the
TV
k)2
sitmi-group is defined as follows: S(t f,ﬂ, S e g(x — y)dy.

% Aty

Note: This kind of mild solution is a solution depending on itself, and as such must be treated iteratively
when refering to a numerical approach.

Theorem 3.5. Banach Fixed Point Theorem Let X be a Banach space andT : X — X a linear operator.
Suppose 3 q € [0,1) such that Va,y € X, ||Tx — Ty||x < qllz — y||x, then T has a unique fixed point with
Tx =zx.

3.5.1. Application of Banach Fized Point Theorem. In order to apply this theorem, we define the following
mapping:

T:X—->X
(14) T(u) = S(t)g(x) — Blu,u]

where Blu, v] fo (t —s) (u(s,y)v(s,y)) ds, and X being our solution space which we are free to pick. We
will justify that T maps X mto 1tse1f later.

3.5.2. Picking the Banach space X. Choose X = &1 = {u € L>([0,T]; LP(T)) : ||u|le, < 0} with ||ulle. :=
[|ul|pee e, and ¢ a small positive constant.

3.5.3. T(u) € &r. Let us first make the assumption
[1Blu, v]ller < clulles[v]ler

for some constant c.
From this we have

ITWlle; < [IS@B)g(@)ler + [1Blu, u]lle;
< IS@®g(@)lle: + cllull?,
By the choice of & we then have
T (w)ller 1S()g ()|l + €d”

IN A

llg(@)||ze + c8®

where the last inequality follows from the Young’s inequality for convolution and ||®(,-)||p: = 1 Vi.
If we require ||g(z)||z» < § and ¢6? < &, we then have T'(u) : &r — Ep with § < +.
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3.5.4. Checking T is a Contraction Mapping. In this part, we show that T is a contraction mapping, i.e. proving
that T satisfies
1T (u) = T()lle; < qllu—vlle,
where ¢ € [0,1). From (14) we have
IT(u) =T()lle; = |IBlu,u] = Blv,]lle,
= ||B[u7u - U] + B[U’u - U]”fﬂr

From our previous assumption we then have

IT(w) =T)lle; < elllullesllu—vller + [lvlle:Ju = vlle:)
< dlu—vlle(luller +[lvlle;)

With the choice of the space &t we then have

1T (u) = T(0)||er < 26¢(||u —vl[e;)
Choose 6 < i such that

1T (uw) = T()ller < llu—wvlle

So with sufficiently small initial data, i.e. ||g(z)||r» < § < -~ combined with the assumption of ||Blu,v]|e,,

then 3! u(x,t) € & that satisfies (14) by the Banach Fixed Point Theorem.
3.5.5. Verify the assumption of Blu,v]. We have

(15) Blu,v] = /0@(t—s,~)*(u(s,-)v(s,~))ds

_ /t/<I>(t—s,x—y)u(s,y)v(s,y)dyds

| i L

et SW u(s,y)v(s,y)dyds
By Minkowski’s inequality for integrals,

[|Blu, v][| e S/O @(t = s,-) * (uls, )v(s, )| rds

By Young’s Convolution Inequality, Holder’s inequality, and fixing ¢ € [0, 7] we then have

t
1 —o?

Blu,v pg/ie‘*(‘ﬁ)" r||u(s, - p|lU(S, - pds

1Bl vllzr < | e e el a0 )

11 1 1 1 1
where 1+ — = — + — 4+ —, namely, 1 = — + —
r p_p r . p

By taking the essential sup in time we get

a2
1B[u, v]lle; < |leT@=7 || Lrds|lulle.|[v]|e:

| it

1Bl vlller < cffulle:[[olles

In order to show that

we need now only prove that fot [|®(t — s,-)||rrds is finite for any time ¢ € [0,T]. Note

1

) T : a2 T
([ a)| = (fooa)
T T
_ [(Amv(t—s) =
N r

¢
< a/(t—s)%(t—s)%ds
0

t
< oz/(t—s)%l Dds
0

< Bt—s)FE
Where § has absorbed the integration constant. For this value to be finite for any time ¢, we need 5 + % >0,
thusr=1- = > 0 satisfies.

Absorbing all constants into o we now have
||Blu, u]lle,

[lullZ,
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3.5.6. Conclusion. To summarize, we have proven that we can use the Banach Fixed Point Theorem combined
with the assumption
1B[u, vlle; < cllulle;||v]]e;

to find a unique mild solution u(t,x) for the reaction diffusion equation with the reaction term R(u)=-u?. As
this solution depends on itself we are then able to use this iterative process

g1 = Tug
ug = g()

for our final solution.

Due to the method of this procedure this result can be extended to the reaction term R(u)=u?

as well.

4. Reaction term R(u) = u(1 — u)
4.1. Existence. The weak formulation is
(16) (ue, v) + v((u,0)) = (u(l —u),v) Yo e HY(T)
4.1.1. Uniform boundedness of maxo<i<r ||u||3.

Choose v = u,, € V as test function in (4), assume u > 0 by its physical meaning,

/utudx—ku/uida:: /uQ(l—u)dx
i/luzdxqty/uzdx:/uz—u‘gdz</u2dx
dt 2 r -

i/u2d1§2/u2d:c
dt

= F'(t) < 2E(t)

Define E(t) = [u?dx

By Gronwall inequality,
= E(t) < e*F(0) = e*||g||3. ¥Vt €[0,T]

Hence,
[ e < Tl

2 2T || 1|2
= max ||lul|?. < .
0<t<TH ||l/2—e ||g‘|l,2

4.1.2. Uniform boundedness of w, in L?([0,T]; H*(T)).

Let test function v = u,, € V,,

/utud:r—i—u/uidx = /u2(1 —u)dz

d 1
— | ZuPdz + I//Uidl’ = /u2 —u3dx < /uzdm
dt | 2

%/qux+21//u§dx+2z//u2dx§2/u2d;v+2u/u2dx

= F'(t) + 2v||u| |31 < (2+20)E(2)

Define E(t) = [u?dx

By Gronwall inequality,
t
E@) < elo 2+2vds (E(O) —|—/ —2v||u(s, -)|?_11d8>
0

Solve for ||u||p2g1 to get
eCT2u ||| 2 < ePFITE(0) — E(t)
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E0) _ |lglf3

= <
lull o < 2v 2v

4.1.3. Uniform boundedness u,,, in L'([0,T]; H=1(T)).

Let v; € Vj,,, by the same decomposition of H!(T) in previous section, we get

(ug,v) = —v((u,v1)) + (u,v1) — (u?,v1) Yo € H'(T).

Then,
[ (u, ) [ < vl (s v1))] + [y v1)| + [(u?,01)]
< vlfullm o]l + lullcz|[vil 22 + [u®][ g2 |oi || 2
< vllull [Jolla + lullm ol g+ [u®] 2ol
Uty U
o ROl )l + o)
V]|
By the definition ||u||g-1 = sup,e g (m) ||<|ut|,v>|’ we have
V|| g1
(17) (e (t, M -1 < @+ Dllult, )+ [lult, )]s

Take L! integral over [0, T

T T T
/IM@NM4®§@+D/\M&Mm%+/IM&M%®
0 0 0

= |luellprp— < v+ Dllull e + [lull 22 ps
By Sobolev embedding H' < L*, we get
llull s < Cllul| g

= ||ullrzzs < Cllullz2mm
By Holder inequality, we get

llull s < VT )|z
Hence, we get

el |- < (v + DVl g2 + Clul|p2an
< (v + DVT + O)|ful| 21
< Cllgll7
Since Uy, is uniformly bounded in L'H~!, by Banach-Alaoglu theorem, u,,; converges weakly to a limit

point v’ in MH ™! up to a subsequence.

4.1.4. Extended Uniform boundedness wy,; in L*([0,T); H1(T)).

First, consider the following ode problem:

(18) u=u(l—wu)in [0,T] xT
u(t=0,2) = b where 0 <b<1

One can easily check that u = 0,1 are two steady state solutions of this ODE. And u = 1 is the only stable
solution. Then by the ODE theory, we know that if initial data b lies in [0, 1], our solution u will also lie in
[0,1]. The diffusion term doesn’t destroy this structure, hence, in this section, we assume the solution of the
corresponding reaction diffusion equation lies in [0, 1] with initial data provided in [0, 1].
Now, Let’s focus on (17)

(e (t, ) =1 < v+ Dlfult, )+ [lult, )]s
Take L? integral over [0, T

T

T T
AIM@J%4%§@+WA\Maw%w+éIM&W%%+AZ@+WWMMW$w

= [Juellpem— < (v +1)* +2(v + 1)) [[ull p2p + [Jullz2r2
Where the last inequality is valid due to ||ul|}. = [u'dz < [w?dz = ||u||2, and ||u||2, = (fu4dx)1/2 <
(qudJ:)l/2 = ||lullrz < |lullgr by 0 < w < 1.Hence, ||[tumt||r2g—1 is uniformly bounded by the uniform

T

boundedness of ||u||z2z1 and maxo< <7 ||u||2.
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4.2. Passing the limit to the non-linear term.
(u(l = u),v) = (u,v) - (u*,v)
By the uniform boundedness of maxg<;<7 ||u||2. and Banach-Alaoglu Theorem, we know that
(U, v) = (u,v)
As the same procedure in 3.3.5 by Aubin-Lions Lemma, we know that

(u2,,0) = (u2,0)

m?

Thus, combined with the results in previous section 4.1, we get

1 (i) +2 () = 0 (i, (1= ) )
- ()~ ()

(ug, v) + v((u,0)) = (u,v) — (u?v)

= <(u(1_u>7v>

for v € H}. One can easily check that «/, the limit point of Um,,, satisfies the initial condition. Thus, by the
same procedure in 3.3.6, u is a weak solution in L?([0,T]; H'(T)).

4.3. Uniqueness.

Let uy,ug € L([0,T]; HY(T)) be two weak solutions of

{ut — VUgy = u(l — u)

(19) ult = 0,2) = g(x)

Then w = uj — uy satisfies

(20) {wt—ywmzul (1 —wuy) —ug (1 —ug)

w(t=0,z)=0
Note that
up (1 —up) —up (1 —up) = uy —ug +ul —ul
= w—w(u; +us)
Then (20) can be written as

(21) {wt—uwm =w —w (u1 + uz)

w(t=0,2) =0
The weak formulation associated with (21) is
(22) (we,v) + v (w,v)) = (w—w (ug +uz),v)

for v € V,,, and where (f,g) = [, fgdx and ((f,9)) = [; fegedz. Now choose v = w. Assume that uy,us > 0.
Then

(wi, w) +v(w,w)) = (w—w(ur+uz),w)
Awwtdm+y/rw§dx = /T(wQ—w2 (uq +u2)) dx

1
§w2dac + 1// widr = / (w? — w? (uy +up)) da
T T

< /dex
T
Note that [ w2dz + [} w?de = ||w||3;:. Let

(23) E(t) := /leQ(t, Ndx

be the total energy at time ¢. Then

4
dt Jy

E'(t)—i—u/wida: < /w2dx
T T

E’(t)—i—u/widm—&—u/dex /w2dx+u/w2dx
T T T T
E'(t) + v||w||3p (2v +2)E(t)

IN

N
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Applying Gronwall’s Inequality yields
t
(24) E(t) < elo (2v+2)ds (E(O) - / v||w(s, -)||§,1ds>
0

Note that fot v||w?(s,")||%:ds > 0 and E(0) = 0, so
(25) E(t)<0

Because E(t) > 0, E(t) = 0. Therefore, w = 0, and u; = us. Then, we get the uniqueness for u,, by the same
procedure of previous subsection for case R(u) = —u?, we could extend this statement to the weak solution for
(19), and uniqueness L?([0,T], H'(T)) is obtained.

4.4. Mild Solution.

For the reaction-diffusion equation
(26) Up — Ve = u —u? in [0,T] x T
u(t=0,z) = g(z)

t

We first do transformation v = e *u, so that one can convert (26) to the following:

(27) Vg — VUgy = fe_th in [0,T] x T
v(t=0,z) =e"tg(x)
Assume v is the mild solution of (27), then, u = e'v is the mild solution of (26). Now, focus on mild solution v.

Definition 4.1. The solution satisfies:

t
olta) = S(t)g — [ [8(t = 5)(w(s)e"))ds
0
is called a mild solution of (27). Where S(t)g := ®(t,x) * g(x) with ®(t,x) denotes heat kernel.

Now, let’s focus on the existence and uniqueness of mild solution for equation (27), after comparing (27)
and (13), notice that the only different part of proof between these two equations is the proof of assumption
1Blu, v]l|x < clullx]v]|x

Notice that for any ¢ € [0, 7],

(28) Blu,v] = /O@(t—s)*[esu(s,~)v(s,-)]ds

< eT/O D(t — s) * [u(s,)v(s,-)]ds

Hence, everything follows from the previous case where our reaction term was R(u) = —u?, up to a constant.

5. Reaction term R(u) = u(l — u)(a — u)
In this chapter, consider the following reaction-diffusion equation:
(29) Ut — VUgy = u(l —u)(a—w) in [0,T] x T
u(t =0,z) = g(x)
First, consider the following ode problem:
(30) ur = u(l —u)(a—u) in [0,T] x T
u(t =0,z) =bwhere 0 <b< 1

One can easily check that u = 0,1, « are three steady state solutions of this ODE. And u = « is the only stable
solution. Then by the ODE theory, we know that if initial data b lies in [0, 1], our solution u will also lie in
[0,1]. The diffusion term doesn’t destroy this structure, hence, in this section, we assume the solution of (29)
lies in [0, 1] with initial data provided in [0, 1].

5.1. Existence. The weak formulation is

(31) <ug,v > +v((u,v) =< u(l —u)(a—u),v> Yoe HY(T); 0<a <1
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5.1.1. Uniform boundedness of maxo<i<r ||ul|3..

Choose v = u,, € V as test function in (31), assume 0 < u < 1,

/utudx—l—u/uidm = /u2(1 —u)(a —u)dx
d

1
pn iqux—l-V/uidx:a/uzdx—(a+1)/u3daj+/u4d$§(a+l)/u2da?

In the last inequality, we used the assumption u € [0,1], then u* < u?.
Define E(t) = [u?dx

d
%/uzdx < 2(a+1)/u2dx

= FE'(t) <2(a+1)E(t)

By Gronwall inequality,
= E(t) < 62(a+1)tE<0) = 62(0‘+1)t|\g||2L2Vt € 10,7

Hence,

2 2(a+1)T 2
= max [[ul[2 < e gl

5.1.2. Uniform boundedness of u, in L*([0,T]; H*(T)).

Choose v = u,, € V;,, as test function in (31), assume 0 < u < 1,

/utuderu/uidz = /u2(1 —u)(a —u)dx
d (1, 2 2 3 4 2
o7 iudachz/ usde =« | uvide — (a+1) [ vwde+ [ uv'de < (a+1) [ udx
Define E(t) = [u?dx

d
%/uzdz+2u/uidm+2u/u2dx < 2(a+1)/u2dx+21//u2dz

= E'(t) +2v|ju||f < 2(a+v+1)E()

By Gronwall inequality,
t
E(t) < elo 2(a+v+1)ds <E(0) +/ —2u|u(s, )||% ds)
0

Solve for ||u||p2g1 we get
Ottt | 2 < 2O HDEE0) — E(1)
E©0) _ llgliz-

= < ——= =
||UHL2H1 - 2v 2v
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5.1.3. Uniform boundedness of w,, in L*([0,T]; H=1(T)).

Let vy € Vj,,, by the same decomposition of H'(T) as previously, we get:
(ug,v) = a(u,v) — (a + 1)(v?,v) + (u?,v) — v((u,v)) Yo € HY(T).
Then,
| (we,0) | < al(u, )] + (@ + DI(u?, 0)] +[(®,v)| + v|((w,v))]
< aflull g [[oll g + (e + Dllullz2[[oll 22 + [[ull 2] |vl[ L2 + vl g2 [v] @
< Qo+ 2+ v)||ullg||v]|m

| (ut, v) |

||v||H1 < (204_‘_2—’—1/)”””}11

| (ut, ) |

By the definition ||u||g-1 = sup,e g (m) Tolla: then we have

lue(t, ) g+ < 2o+ 2+ v)l[ul[m

Take L? integral over [0, T

T T
[ sl < 20t 200 [ luto, s = 20+ 242l g
0 0

Since U, is uniformly bounded in L2H !, by Banach-Alaoglu theorem, u,,; converges weakly to a limit
point v’ in L2H ! up to a subsequence.
5.2. Passing the limit to the nonlinear terms.
(u(l —u)(a —u),v) = (u?,v) = (a+1) (u®,v) + a(u,v)
By the uniform boundedness of maxo<;<7 ||u||3. and Banach-Alaoglu Theorem, we know that
(U, v) = (u,v)
By the same procedure in 3.3.4 by Aubin-Lions Lemma, we know that

(uz,,v) = (u,v)

m?

Assume u3, —u® > 0. Then
/ (UiL - UB) vdr = / (um - u) v (ufn + umu + u2) dx
T T
< 3/ (U, — w) vdx
T

Note that maxo<i<7 ||tm|[32 is uniformly bounded. Then by the Banach-Alouglu theorem, there exists a
subsequence uy,; such that w,, — v in L?L2. Thus 3f1r (umj — u) vdx — 0. Note that if uf’n —u? <0, then
repeating the proof with fT (ufn — ud) vdx works. Thus

(ul,,v) = (u?,v)
Thus,

i (. 0) 42 (0, ) =l (o, (1 ) (0~ 0,) )

= jlggo ((ufnj,v) —(a+1) (ufnj,v) + (umj,v))
(ug,v) + v((u,0)) = (u?,v) = (a+1) (v®v) + a(u,v)
= (u(l —u)(a—wu),v)

for v € H}. By the same procedure in 3.3.6, thus, u is a weak solution in L? ([0, 7], Hl(’]I‘)).

(
(
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5.3. Uniqueness. Let uy,uy € L? ([0,T], H'(T)) be weak solutions of

{ut — VUgy = u(l —u)(a — u)

(32) ult = 0,2) = g(x)

Let w = u; — ug. Then w satisfies

(33) {wt — VW = 0w — (@ + 1w (ug + ug) + w (u% + ugug + u%)

w(t=0,2) =0

The weak formulation associated with (33) is

(34) (we,v) + v((w,v) = a(w,v) — (@ +1) (w(ug +uz),v) + (w (u% + ugug + u%) ,v)
for v € V,,, and where (f,g) fT fgdx and ((f,9)) = [; fegadz. Now choose v = w. Because 0 < u; < 1 and
0<us <1,u; +uz <2 and u1 + uqus + u2 < 3. Define E := fT w?dz. Then
(wi, w) + w)) = alw,w)—(a+1)(w(u +u),w)+ (w (uf + urus + u3) , w)
/wtwdz+y/ wide = a/wzdx—(oz+1)/w2 (uq +u2)dx+/w2 (uf + urus + u3) do
T T T

1d 2 2 2

—— < af widr+2(a+1) | wdr+3 [ wdx

2dt T T T

5E’(t) < (a+2(a+1)+3)E()
E'(t) < (6a+10)E(?)

Then by Gronwall’s inequality,
(35) E(t) < E(O)efoT(&x-‘rlO)dt

Because E(0) = 0 and fOT(Ga + 10)dt is finite, E(t) < 0. Thus, u; = ug, i.e. the solution of (32) is unique.

5.4. Mild solution.
The proof of R(u) = u(1 — u) could survive successfully here up to the constant 2 by the fact that 0 < u <1,
la —u| < 2.

6. Regularity of weak solution

In this section, we show the instant regularization of reaction equations discussed in this paper. Consider
2

Up — Vlgy = —1U
6.1. H* energy estimate.
(36) /8§u . 8;“ (ut — Vlgy + u2) de = 0
d1 k k k+2 k k
%3 |0k u|?dx — Ofu - 0 2ude + [ OFu-0F(u)dr = 0

Denote I; = —v [ Ofu - 05 2udx, I = [ 0%u - 0%(u?)dz. For I, by integration by parts,
I, = 1// |8I;+1u|2dx >0
By Leibniz rule 9% (u?) = Zf o ( )8ku 0F=Ju, we deal with the j** term of Iy, apply Holder inequality, we get

/35% 07 - 0y uda < |0y ul| 2| 0Ful | Lo 107 ul| 2

1 1 1
where — + — = —
P p2 2
By Gragliardo-Nirenberg interpolation equation, we know
, e 11 1-«
(37) 102ullLr < Crl|0FullLos [Jul |22 with T (5 — ko + :
1

i EPVRRUE B |
105 ull s < Col|Oyullpes [Jul|[ <™ with o —I TG Rt
1
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Notice . . ) )
T N A R T
a1 +ag =3 + =5 R w 1
2 2 2

we get |Io| < C||0Ful|2,|u||L~ where C' is a constant depends on k and domain T.
Denote Ej(t) := [ |0Fu|?dz,

we get

1
(38) ‘B4 n < CE®ullin
by mazximum principle, < CE(t)||g]|r=

Note I; > 0, hence, Ej (t) < 2CEy(t)||g]|L= , by Gronwall inequality, we get H” energy estimate

Ey(t) < 1|0y gl o=

Claim 6.1. Vm € N,t™||0Ft™u(t, )||2. is uniformly bounded in t, namely, Vt € [0,T], |08 ™u(t,-)||2,

C(m,T)t~™, where C(m,T) is a constant depends on m and T.
Proof. We do induction on m.
(1) m = 0, the argument is true by previous H* energy estimate, with C'(0,7) = ||0¥g||2,eCTll9llz>

(2) Suppose the argument is true for m.
(3) Show it is true for m + 1.

15

<

Consider the H*® energy estimate for (k + m)th order derivative, we get the similar inequality by replace k with

k 4+ m. Denote Ejn(t) := [ |08 ™mu|?dz,
1
(39) 3Bhen(® +v [ 1087 uds < CBLn(®)lgll
Note [ |95F™mF1y|2dz > 0, then we get

1
§E]/€+m(t) < CEk-‘rm (t) | |g| ‘L‘x’

By Gronwall inequality over [%7 t], for any T € [%, t],

t L 2C)\g||poo ds
(40) Brim() < Brym(z)e's "

By case(2) < C(m7T)(%)_meCT”gHL°°

Integrate (39) over [£,1], we get

/ O (s, s < ( / t20||g||LwEm+k<s>dsEm+k<t>+Em+k<§>>
< = ( [ 26l (o) + Em+k<t>>
2v L 2
by(a0) < 5o (TCllgllo~ +1) (;)_mam,nﬂcmlm
<

cwn(y)”

t
t t
[ 05 s ) s = Gl ey, for some e [,
5,

By mean value theorem, we know

Hence,
Epirar(7) = |05 u(r, )7 < C(m+ 1, Tt
Finally, we run H**™*1! energy estimate from 7 to t, we get

m 1
057, | < 5 ( /

The result follows.

t
20 Ektm+1(8)|lgllL=ds — Epqpmi1(t) + Ek+m+1(7)> <C(m+1,T)t"!

O
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6.2. Extend result to other cases.

(1) For reaction term R(u) = u(l —u) = u — u?

The only extra term is u, when we do H*® energy estimate, this term u only gives us — [ Ok x OFudr =
—FE)(t) which cause no trouble at all.

(2) For reaction term R(u) = u(l —u)(a — u)
Since 0 < u < 1, the extra term > could be bounded by u? or u which go back to the the case
R(u) = —u? or R(u) = u(1 — u).
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