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1 Introduction

In this chapter, we will give a tutorial for VAE that includes the following sections.

e Motivation of the construction of a VAE through the theory of probability and Bayes’ Rule

e The derivation of loss function which is the lower bound of likelihood p(x) of the observations.

e Maximize the lower bound via Stochastic gradient descent(SGD). (need reparameterization trick to pass

the gradient w.r.t ¢ to the expectation.)
e MC(Monte Carlo) Method to approximate the expectation.

e Use neural networks for the probabilistic encoder and decoder.

e After training the VAE, how to find the latent representation/lower dimensional representation for any

given new data which is assumed sampled from the same distribution with the training set.

e For the well trained VAE model, for a fixed given hidden variable, no many how many times you sampling,
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the decoder gives the same output.

2 Motivation of the construction of a VAE

Consider the data set X = [xq, ...
of features.
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From the schematic diagram, we could see the following: we assume each x; € R is sampled from dis-
tribution p(x), then for the given x; , we could determine the latent variable z, € RP where p << k by the
posterior (density) distribution p(z|x = x;) , then for each given z; , we could recover x; by conditional (den-
sity)distribution p(x|z = z;). Hence, in this case, the posterior (density) distribution p(z|x) serves as an encoder
and the conditional (density) distribution p(x|z) serves as a decoder. Then, using neural network to learn these
two distributions gives us the variational autoencoder where we use another simple distribution g4(z|x) to ap-
proximate the posterior distribution py(z|x) which is intractable in most of time. We call g4(z|x) inference
model or recognition model or an encoder or an approximated posterior. With parameter ¢ we indicate the
parameters of this inference model, also called variational parameters. We optimize the variational parameters

¢ such that:
q(2[x) = po(2|x) (1)

As we will explain, this approximation to the posterior will help us optimize the marginal likelihood of x.

2.1 intractabilities[1]

The data likelihood _
po(x) = / po (x|2)ps (2) da @)

It is intractable to compute py(x|z) for every z! This integral is a high dimensional integration which has no
analytic form or an efficient estimator.
Posterior density

po(2|x) = po(x|2)po(2)/po(x) ®3)
It is intractable due to the intractability of likelihood and vice versa. The marginal probability of data under
the model is typically intractable. This is due to the integral ps(x) = [ po(x,z)dz for computing the marginal
likelihood not having an analytic solution or efficient estimator. Due to this intractability, we can not differen-
tiate it w.r.t its parameters and optimize it.
The intractablity of py(x), is related to the intractability of the posterior distribution py(z|x). Note that the
joint distribution pg(x,z)is efficient to compute, and that the densities are related through the basic identity
(Bayesian’s rule):

o p@(xa Z)
pg(Z|X) - p@(X) (4)

Since py(x, z) is tractable to compute, a tractable marginal likelihood pg(x) leads to a tractable posterior py(z|x)
and vice versa. Both are intractable in VAE.

3 The derivation of loss function/Evidence lower bound objective
(ELBO)

3.1 The derivation of loss function

The marginal likelihood is composed of a sum over the marginal likelihoods of individual data points. That is,
logpe(X1,Xa, -+, %n) = »_ logpe(x;) (5)

The likelihood of one sample point x; is logps(x;). We would like to maximize the log-likelihood of the data.
But the data likelihood is intractable which make the posterior is also intractable, so one can play a trick to
address this issue. That is to approximate the posterior by a tractable distribution. Then one can use KL
divergence to measure how close these two distributions, then, we have

D 1.(g4(2[%)||pe(2[x)) = Eanqlloggs(z[x) — logpe(z|x)]
pe(X|Z)p0(Z)]
po(x)
1%)] — Egnqllogpe(x|2)pe(2)] + Egngllogpe(x)]
z|x)] — Ey~qllogpe(x|2)pe(2)] + logpe(x)

(
= Eynqllogqe(z]x)] — Egnqllog
= Eyqllogqy(z
= Eaq[logge(

Hence, one can write the likelihood in the following expression:

logpe(xi) = Exnqllogpe(xi2)pe(2)] — Esnqllogas(z|xi)] + Dicr (g4 (2[xi)||po (2[x:)) (6)



Now, let’s look at the equation (6), since Dgy, > 0, we get the lower bound of the likelihood, also called the
variational lower bound or the evidence lower bound, which is denoted by L(0, ¢,x;).

L(0, ¢,x;) = logpe(x:) — Dx 1.(q4(2]%:)||pe(2]%:)) (7]
= E,qllogpe(xi|2)pe(2)] — Eanqllogge(z]x;)] (8]

In order to maximize the likelihood and minimize the LK divergence D 1. (g4 (z|x;)||po(2]x;)), we could maximize
the lower bound L(6, ¢,x;). We could rewrite the lower bound expression in the following way:

L0, ¢,%x;) = Egnqllogpe(xi|2)pe(2)] — Ernqllogge(z]x;)]
= Eyqllogpe(x;|2) + logpe(2)] — Eynqlloggys(z
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Hence, we get the final expression of the loss function which is the negative lower bound of the likelihood for
one sample point:

= Ezqungﬂ(Xl z } z~q [

= EZNq[lo.gp@(xz z } DKL(QQS(

—L(0,6,%:) = —Eyrq, (2)x,)[l0gpe (%i|2)] + Drc1.(q4(2]%:)|[pe(2)) 9)

The red part is the reconstruction error and the blue part is the regularizer.
We need to maximize the variational lower bound by optimizing the parameters ¢ and 6 of the neural network.
In simple words, on the RHS:

e We need to minimize the divergence between the estimated latent vector and the true latent vector.
e We need to maximize the expectation of the reconstruction of data points from the latent vector.

Let’s explain why these two terms are named so in the following subsection.

3.2 Example of Loss function

The usual choice of encoder and decoder are multivariate Gaussian distribution, and assume the prior distribu-
tion pg(z) be normal distribution. Then, we use this case as an example to derive the explicit expression of the
loss function.

The encoder is

a0 (2%) = N (2; o (x), Zg (x)) (10)
The decoder is
po(x|z) = N (x; po(2), Eo(2)) (11)
Assume the prior distribution is
po(z) = N(us(6), 23(0)) (12)

Where pg, uy and Xg, 34 are arbitrary deterministic functions with hyperparameter 6, ¢ that can be learned
from data using neural network. 3 is usually constrained to be a diagonal matrix which is easy to calculate.
The pdf of normal distribution of a multivariant r.v. x = [z1, ..., x| is

1 1
N(x; 1, X :emp(—x— Ty—1l(x — ), 13
(x; 1, X3) CED] 5 (x =) (x — ) (13)
where k is the dimension of x.
Then, the first term of loss function is
k 1 T
B e 200 10gN (i3 01, Zoi)] = —510g(2m) = 5 B [log|Zoi| + (xi = p0i) " Sg;' (i = 1)) (14)

The expectation could be approximated by MC method which will be introduced later.

[log|Sei(zV) |+ (xi — i (20) "S5, (21)) (x; — 19i (21)))]

(15)
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The last term of the above equation (14) is square norm which could be treated as the reconstruction error.
The second term of loss function is

1
Drr,(N(pgi> Zgi) [IN(0, 1)) = 3 [—log|Sgil —p+tr(Zes) + u@um] (16)

This term is called regularizer which will make sure that the encoder will not too far away from the normal
distribution. In other words, the variance of encoder can’t be too small.
If ¥4 is diagonal, then, py = (i1, ..., pp), Xy = diag{o,...,0p},

Dir(N (1g, B4)[IN(0,1)) = 5 [~log|Ee| — p+ tr(Ss) + g 116] (17)

5
12
5 Z —1 —logo; + o; —i—u?] (18)

The KL divergence of any two multivariate Gaussian is given as follows:

Dict (S ) = 5 [T 2 = 0r(55 " 20) + =) 55— )| 19)

3.3 encoder N (z; s, diag{c;}1,x,) and decoder N (x; g, I;xk)

Note: In my notation in this subsection and next subsection, o, stand for variance instead of standard de-
viation as usual. This is aimed for simplicity of the expression of loss function. Since we will see later, the
covariance matrix is computed by using a neural network approximate logo as a whole.

If for each data point x, we only sample one z, then, the loss function is defined as follows:
n

k n p n
—L(0,¢,X) = log(2m) + % > (i — o) (i — poi) — 5 > Y _(log(oiy) — 0if) + % D g — g (20)
i=1

=1 i=1 j=1
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3.4 encoder N(z;uy, diag{o;}1,x,) and decoder N (x; ug, diag{&m} Irxr)

If for each data point x, we only sample one z, then the loss function is defined by

k 1 s & 1 (xi — pugi)T
—L(0,9,X) = 5509(277) t3 > (logéim) + B > (Xg_ue)(xi — Hoi) (21)
i=1 m=1 i=1 v
1 n
) Z Z(ZOQ(UU —0ij) Z Heiltepi (22)
i=1 j—1

4 Maximize the loss function via reparameterization trick

Now we get the lower bound of the likelihood, then one could maximize the lower bound to maximize the
likelihood. So we get the following optimization problem:

mazgs Y L(0,6,%i)
=1

In order to maximize the lower bound, one need the derivatives VoL and V4L. Now, let’s compute the
derivatives.

4.1 estimate VoL of individual point
For the first one VL, one can directly differentiate £ to get:

VoL(0,0,%i) = VoEgnq,(zx:) [l0gpe(Xilz)] + Vo Eyy, (z)x,)[logpe(2)]
= Ez~q¢(z|xi)v9[lo.gpe(xi|z)] + Ezwqd)(z\xi)Ve[logpe(z)]

Po(z[xi) |+ E py(2z) ]

= Ez AN z~qe(2|x;
logpe (xi|z) 23| )[logpe(Z)

~ag(alxi) |



One can use Monte Carlo Method to get the approximation of Vy£. The MC estimates of the expectations
of some function f(z) w.r.t g4(z|x) could be formulated as follows:

E,

~as (zxi) |

h \

L
Z where 29 ~ g4(z|x;) (23)

Hence, we apply this MC method (23) to the above expression of VL, obtaining our estimation of VyL:

L (z 1 (7D
Py Vi) py(a)

h O~ i 24
logpe (x:|z0) " logpe(z®) C ® q¢(2[x:) (24)

VQ£ (ba Xz —

For the example in last section, the loss function is given by (14-17), then the corresponding estimation of VL
of one point x;is given by

VoL = VoEpn (2lng:,So0) 109N (Xi; p10i, Loi)]
1 1 _ 1 _
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where 20 ~ N (2] (xi), Lo (x:)).

4.2 estimate V,L of individual point

The gradients w.r.t the variational parameters ¢ are more difficult to obtain, since the ELBO’s expectation is
taken w.r.t the distribution g4(z|x), which is a function of ¢. In general, the gradient operator and expectation
operator is not commutative.

In order to change the gradient operator and expectation operator, we will play the following trick on the
loss function.

Vg Fron (e L (2)] = Vo / 4o(zlx:) f (2)dz

- / Vo0(2lx:) f (2)dz

= [ Yot 4, (afx)an

~ [V atogas(alx) s @)ao(zbxi

= Eyprq,(zix) [V ologqe(z]x;) f(2)]
L

~ 1 3 Vlogao (80 x) (2, 20 ~ gy(afx)
=1

This gradient estimator exhibits very high variance (see e.g. [BJP12]) and is impractical for our purposes.

For the above gradient, in order to get a practical gradient estimator, we play a reparameterization trick
here so that we could sample from a fixed distribution instead of the keep changing distribution g4(z|x;) when
¢ changed.

Under certain mild conditions (add later) for a chosen approximate posterior gq(z|x), we can reparameterize
the random variable z ~ ¢4(z|x) using a differentiable transformation g4 (€, x) of an auxiliary noise variable e:

z = gy(e,x) with €~ p(e) (25)

The strategies for choosing such an appropriate distribution p(¢) and function gg(e, x) will be added later.

L
Ez~q¢(z|xi) [f(Z)} = EeNp(e) [f(g¢ €, X’L Z Xz where e(l) ~ p(e) (26)
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With this reparameterization, we can formulate the MC estimates of V4 £ with the loss function given by (14-17)
as follows: since encoder is Gaussian, then the function gy (€, x) = p14(x) + Xy (x) - € where € ~ N(0, I).

1
VoL = Vo Eo Ny, 5,) 109N (% 10 (2), Zo(2))] = Vo 3 [—log|Sg| = k + tr(Sg) + 11 1]

1
= Een(e0,1)VallogN (x; po(8s), Lo(gs))] — V¢[§ [—log|Se| — k + tr(Se) + 1 1]
L

1
=" Vollogh (% o, (), Sog, (V)] = Vil [—oglSol — b+ tr(Ss) + g
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where z = py(x) + Ly(x) - €,¢ ~ N(0,I). Note that pg, pg and X4, Xy are approximated / implemented by a
neural network which will be discussed in the next section.

5 Neural Network serves as Encoder and Decoder

Now we use the neural network to approximate the distributions. Here we assume the posterior distribution is
a Multi-Gaussian distribution, then we use a neural network with one hidden layer to approximate the encoder:

5.1 Bernoulli MLP as decoder

Let pp(x|z) be a multivariate Bernoulli:

vy = EncoderNeuralNety(z)
q4(z|x) = Bernoulli(z;y)

More specific, probabilities y of multivariate Bernoulli are computed from z with a fully-connected neural
network with a single hidden layer

k
logp(x|z) =Y _ w;logy; + (1 — x;) - log(1 — y;) (27)
i=1
where y = fo(Watanh(W1z + b1) + be) (28)

where f,(-) is the elementwise sigmoid activation function, and 8 = {W7, Wa, b1, bs} are the weight and biases
of the MLP.

5.2 Gaussian as encoder and decoder

The encoder or approximate posterior g4(z|x) can be parameterized using deep neural networks. Then, the
variational parameters ¢ include the weights and biases of the neural network. For example,

(1, diag{logo?}) = Encoder Neural Net 4(x)
94 (2|x) = N (2; 1, diag(o7))

where i = 1,...,k with k& be the dimensional of x. ¢ is the variance of x; Typically, we use a single encoder
neural network to perform posterior inference over all data points in our dataset. Hence, VAEs employ a strategy
with global variational parameters which is difference to traditional variational inference methods where the
variational parameters are not shared, but instead separately and iteratively optimized per data point.

5.2.1 Gaussian with diagonal covariance matrix

Let me give a more specific example to indicate how to implement encoder neural network. let encoder and
decoder be a multivariate Gaussian with a diagonal covariance structure:

logp(x|z) = logN (x; 1, 0*1) (29)
where = Wyh + by (30)
diag{logo?}*_, = Wsh + bs (31)
h = tanh(W3z + b3) (32)

where W3, Wy, W5, b3, by, bs are the weights and biases of MLP and part of § when used as decoder. When this
network is used as an encoder g,(z|x), then z and x are swapped, and the weights and biases are variational
parameters ¢.



5.2.2 Gaussian with full covariance matrix

6 Implementation

In this section, we focus on the implementation of VAE in PyTorch. We create dataset by sin(z + y), so (z,y)
is the dataset, sin(z + y) is the corresponding target.
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